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Iii the first problcni we arc given a iiiiiltisaiiiplc Z -- {:I. .... q,} ant1 asliccl to ~lc~~criiiiiic. a vnluc 
w E RT'? that iiiaxiiiiizcs (,lie crikrioii A(w) = [ { z ;  : w zj > 0.7 = 1.2,  ..., n } l .  Gcoiiictrically we 
sccli a liypcrplaiic tlirougli tlic origiii that dicliotoiiiizcs SO t>liat tlic t i t  m J ~ r  of sitliipl('s iii tlic 
positive half-space is inrtxiiiiizccl. This problcin is closely rclatscd to blic pr01)lcni of clctcriniiiiiig a 
liiicar classifier tliat iiiaxiiiiizcs tlic iiuiiiba of c*orrcctly classifid (raining samples for a I wo-cli~ss 
classification prol~lciii. Now coiisiclcr tlic collcctioii of all linear dic ho t oiiiic~i of Z ant1 t,lic corrc- 
spoiicliiig collcctioii of PT, subsaiiiplcs of Z foriiiccl froiii tlic positive saiiiplcs of tlicsc tlicliotoriiics. 
Tlicsc PT, sidisaiiiplcs foriii i\ subset of P ( Z )  tliitt accoiilits FOI id1 ~1 itcrioti Vahtcs, Lllat is tlic 
criterion values for this prohlcm arc. rr~/tn~s.wd by this subsect; of P ( 2 ) .  

In our sccoiicl problem wc arc givcii it iiiultisnniplc X = { ~ . I . . z L . ~ .  q , ~ ~  z~;?,  ..-, q1.i, +.?}, where 
tlic sainplcs arc paired accorcliiig t,o tlicir first imlcx, micl  we arc askctl to clctcriiiiiic a valut. w E R]" 
tliat iiiaxiiiiizcs tlic critcrioii n ( w )  = ~ { ( Z ~ J ,  z,.?) : w :/.I > 0 and w 1 > 0. i = J .  2. ..., n } ) .  
Gcoinctrically we seck a liypcrplaiic tliroiigli t,lic origin tliitt dicliolo tnixc I n  HO that tl1c liunil~cr 
of sample pairs in tlic positive half-space is iiiitxiiiiiztd, This prohlcm is c.loscly rcla tctl to Ilic 
problem oE dctcriniiiiiig a. liiicar iiiacliiiic that iiiaxiiiiizcs tlic 1111111bcr of correctly classified traiiiiiig 
saiiiplcs for a thrcc-class classificatioii proLlciii (c.g. see (Caiinon, F~igatc. f-Iusb. & Scovcl, 2003)). 
Now dcfiiic tlic po 
Tliis is tlic PL sdwaiiiplc of 2 containing all tlic iiidiviclud saiiipk~s from w1msitivc saiiiplc pairs. 
Now coiisiclcr tlic collcctioii of positively paired su1,saniplcs clcliiicd I jy all w (1 IP. This collcctioii 
foriiis a subset of P ( 2 )  tliat accoiuiits for all criterion values, tlint is tlic crilcrioii valucs for this 
problciii arc uritnessed By this su1mc.t of P( 2). 

w / y  pni t - fd  s16bsnr??p/e for n value w 10 bc' { 

Althongh tlic wiliicss subset for tlic first, problciii imy l x  cliffcrciit tlian t8 lie sccoiicl, tlic two 
prol~lciiis above arc similar in tliitt tlicir critterion values arc witiicssctl 1 )y some d,sctl of P( 2). 
This paper dcscribcs several import ant, lcariiiiig ~~rc~blci~is sliarc 1 his proper t y. In principle all 
sucli problciiis caii be solvctl in a finite iiiiiiil~cr of steps by searching over a finite sihset, of 
EtT" that witiicsscs tlic niciiil~crs of P(Z) .  lxit this approacli is iiot c~ffici(mt, siiicc lP(2)/  rail l ~ c  
cxpoiiciit,ial in tlic eliiiiciisioii m. Fiirtlicrniorc~. tlicl specific pro blciiis of iiitcrcs t h c w  ea11 all lie 
shown to lw NP-Hard. Oii tlic other liancl. tlic first prohlciii al,ov~ caii ljc solvccl by t,lrc Pocket 
algorithm (GallaiiC, 1990). Pocket is it siiiiplc raiidouiizcd dgori t81im that procluccx it11 op tiiiial 
solution asymptotically (with prolxdility 1 ). aucl liw provcii to h~ effect ive in ciiipirical stiulics 
wlsrc it is tcriniiiatcd after a fiiiitc iiiimbcr of steps (Burgess, Zcriao. Sr; Cmniiicri. 1992; Gallmt. 
1990; Golcrt & Marcliaiicl. 1990: Wiiirlcatt Sr ?'cl>bs, 1997). Iu this pctpcr wv sliow liow to inotlify 
tlic Pocket algori tliiii to ol>taiii a sinydc raiicloinizccl algoritliin ea llcrl Ratchet tliat visits cvcry 
iiiciiibcr of P( 2)  (as;vmptotic~~ll~~ with prolmhility 1) itnd tlicrcfow procluccs m i  opt,ilnid solnt ion 
t,o aiiy l,roldciii wliosc criterion values arc witiicssccl by a subset of P(Z) .  

Formally tlic Ratchet algorithm iniiiiiiiizcs PancCioiis that satisfy a. propcrly we call posrfr  VP- 
l//aenr-dgx/zdP/?t (PLD). Scctioii 2 clccfiiics tlic PLD property arid prcscnts tlrc Ratchet algoritliiii. 
To rcalizc Ratchet for a pitrkicdar ftiiictioii we ii111sI coiislruct a map c p  tlrat witiicsscs 1,lic PLD 
property. Scctioii 3 cstaldislics iiiaps c p  that witiicss tlic P1,D property for a gciicralizccl loss 
criterion for both liiicar iiiacliiiics aiicl liiicitr classifiers. Scvcrd importaii(, lmriiiiig critcria arc 
olhiiictl as special cases ol this gciicrnljzcd loss critcrioii. Tliir4 scctjoii also sliows how. for 
linear clwsificrs. tlic Ratchet algori tlriii can be clcrivc-tl a. iiiotlifit*at ion of tlic Pocket a lgo~i th i  
(Gallant, 1990). la Scctioii 4 we s1iow how Ratchet c ~ i i  he appliccl to t,lrc Ncymaii- Pcarsoii 
lcariiiiig prohlciii liy establisliiiig a iiialj d) tliat wit ticsscs tlic PLD pro pcrty for tlic Ncyiiiaii- 
Pearson criterion. 



2 PLD Criteria and the Ratchet Algorithm 

Tlic Ratchet algorithm was iiitrocluccd by Ciuiiioii et a1. (Caiiiioii et 81.. 2003) to solve a lcariiiiig 
prohlcm rclatccl to tlic task of selecting R restoration iiictliotl for digitized cloctiiiiciits in siicli 
a way tliat tlic average OClt error of tlic documents is reduced. Tliis section siiiiiiiidzcs tlic 
l-clcvant rcsults fi.Olil that paper. 

We consider iiiiiiiinization problciiis witli criteria R tliat satisfy tlic followiiig dcfiiiitioii. 

Definition 2.1. Let A bc a set aid lct R be a fiiiictioii from A x to R Snpposc that for 
cvcry A E A, RA = B(A. .) aclicvcs its iiifiiiiiiin oil A iioiitrivid set Q*(A) C Its?”. Tlicm R is a 
lio.sit,r:rie-lineur-clqler.lclerzt (P:LD) fiiiiction if there exists a inrip to imiltisaiiiplcs (b : A ++ JP’. x Z. 
sucli tliat for cvcry A E A tlicrc exists a P L  siibsct of the iiiultisaiiiplc $(A)  = {.ql* 2.i a...}.z.jj E 
R”, { i l ,  i 2 .  ...} c Z wlimc witiicss set Q+ satisfies Sl+ C Sl*(A). 

In our application to learning prol>lciiis A is tlic sct of all training sets. IF” is tlic classifier 
paraiiictcr space. aiid RA is mi empirical error fiiiictioii that we wish to miiiiiiiizc with oiir choice 

Tltc Ratchet nlgor.ithm in Algorithm 1 is a simplc algoritliiii for optimiziiig a PLD cri tcrion 
wlicrt a iiiap (b is kiiowii. This algorithm simply ruiis tlic raiicloinizc pcrccp ti-oii algori tliiii oii the 
iiiultisaiuplc Z = cj(A), coiiiputcs tlic criterion vduc RA cacli time w cliaiigcs vitliic and saves the 
oiic with tlic smallest criterion value. Tlic following tlicorcin from Cannon, et al. (Cmiiioii et d., 
2003) cstalAislics the optiiiialitg of this algorithm. Tllc cciitrd idea in tlic proof of this theorem 
is to show tliat with probitbility 1 the w visited by tlic raiidoiiiizcd pcrccptroii itlgoritliin witiicss 

of paraiiictcr w E R” . 

cvcry PL s11l)sct of 2. 

Theorem 2.1. Let R be ( I  .PLW criterio.ia .~i!dtizes.secl by n neap c p .  F0.r eve,rg A E A con.sider the 
aequeiace w ( k ) .  k: = 0.1, ... prod,ircetl by the  Ratchet nlgorith,m ruith irzp,iits A.  R, 4, Let w”(k:), k = 
0. 1, *.. Be 0 sepeeiace that .~n%i .~ , f i~~  1 ~ *  ( k )  E ttrg iiiiilwi =0,1,,,., nA(w( i ) ) .  T/lre174 

ruhere , iq~l denotes “with probability 1 ‘’ 

To realize Ratchet for a particular PLD critcrioii we iiiiist construct a map (b tliat witiicsscs 
the PLD property. To assist in tlic dctcriniiiatioii of siicli a map. aid in verification of tlic PLD 
property, the following lcmma is cs tablishcd in Caniioii et al. (Caiiiioii et al., 2003). This lciniiia 
gives sificiciit coiidi tioiis tliat caii be cliccl~cd oiicc it map (b lim bwii prolxmxl. 

Lemma 2.1. Let A be c1 s e t  nizd let R be II f imct ion  Jproiia A x UtTn, t o  Ut. Suppose thut for  every 

be ci ,nap t o  i~an1t i so l~~~~le . s .  .For A E A let Z = $(A) = { E + ,  .... z.l,*}. zii E {il,  ..., a?,,} C Z wizd 
let J+(w)  = { i j  : w + xi i  > 0 )  delaote the ireilen: set of w-1io.sitive su~i1aple.s from 2. If for e,tJery 
A E A wad e,iwlty w E Utf’?“ thefre ex is ts  ma & E IF’?. s.iech thut 

A E A, RA = .n(A, *) ecies i ts  iiifii~auin o n  u tzoizti-iwd set. @ ( A )  C @ I 2 , .  Let ti, : A ++ Rn7, XZ 

2.1.1. .I+(&) 2 J+(w)  
2.1.2. nA(6) n L 4 ( W )  

2.1.3. ( W O , W ~  E R” C C I ~  J+(do) 2 J + ( i / l ) )  + (fiL4(wg) i: R.A(w~)).  

the~ii, 12 is PLD ~rc~itlwsseil by 4). 

J 



Algorithm 1 Ratchet: In practice w* is rctiiriicd after a finite iiuiiibcr of steps. 

INPUTS: An clciiiciit A f d. a, critcrioii function R. aiicl a map Cp 

{ Iid,irtIizc parainctcre.} 
Set ~ ( 0 )  aiicl w* to zero aiid set R* +- R,~(u*) .  

{Perform tlic raiirloinizcd pcrccp troii algoritliiii aiid track tlic bcs t solution,} 
k + - 0  
loop 

i {- raiidoiii sample iiidcx drawn iiiiifoimly froiii (4 1 I? ,  . .. , i, } 
if ( w ( k ) .  ' Y ~  5 0) then 

w ( k  + 1) f -  w ( k )  + -"( 

R' t Rdi(w(X: -t 1)) 
w* c w ( k  + 1) 

w(k  + I)  +- U ( k )  

if ( R ~ ( w ( k  -I- 1)) < R*) then 

end if 
else 

end if 
k t - k + l  

end loop 

3 The Generalized Loss Criterion 

In tliis scctioii we dctcriiiiiic computable iiiaps q5 tliat witness tlic PLD property for a gciicrrtlizcd 
loss cri Lcrion. Tlirougli appropriate choices of a loss function we show liow this critcrioii realizes 
several iriipor taiit cri tcria ciicoiiii tcrcd in standard lcariiiiig prol~lciiis for linear iiiacliiiics aiicl 
liiicar c1hssifici-s. In additioii we show how, for liiicar clitssificrs. tlic Ratchet dgoritliiii can bc 
dcrivcd as a iiiodificatioii of tlic Pocket idgoritlim (Gdlaiit, 1990). 

3.1 The M-Class Problem with Linear Machines 

Coiisidcr the followiiig &'-class learning problem. Let N be tlic set of natural iimibcrs aiicl 
dcfiiic A = U~;.o(IR'~ x x dV)k to be tlic set of trniiiiiig scts wlicrc the iiiiiltisaiiiplc A = 
{(q.Zl)* .... (xtt,,Zq2,)} E d is a traiiiiiig set witli 1% sainples, xi E Rd is tlic feature vector for tlic 
d-th saiiiplc a id  1,; = (li(0). ..., Z.;(M - 1)) E E" is the corresponding loss vector. Tlic valuc 
li( j)  rcprcsciits tlic loss iiicurrd wlicii z i  is <wignccl to class j .  Let M = (0.1, .... M - 1) aiid 
w = (q, ' ~ 2 ,  .... 1~~11.) E R~"(~',+') aiic~ coiisiclcr tlic family of linear iiiac~iiiics fw : + M clcfiiiccl 
I)Y 

4 



Tlic gciicralizcd loss criterion R : A x R"+' -+ R is dcfiiicd by 
I) 

Iiiiportaiit special citscs of this critcrioii itre obtaiiiccl wlicii E M is tlic correct class label for 
r, and we set loss val11cs ZM follows. 

1. Tlic clessi&cet.iorz ~I 'TOI '  criterion is obtaiiicd by scttiiig 

wlicrc I ( . )  is tlic iiiclicntor fuiictioii tliat takes a value 1 wlicii its rugmiiciit is true and 0 
otherwise. 

2. Tlic classi&ccitio~rs. loss cr i ter ion is obtaiiicd by scttiiig 

1,. ( j )  = c ( j ,  yi :) 

wlicrc c is a M x M losf3 matrix. This crit,crioii is oftcii ciiiployccd with tlic diagonal cllciiiiits 
of c set to 0 (so that the loss for corrcct classification is 0). Tlic off-diagonal clciiiciits 
represent losses for each of tlic M ( M  - 1) different error types. Setting c ( j , j )  = 0.V j  aiid 
c ( j *  k )  = :t,Vj # k gives tlic classification ewer criterion above wliicli is also callcd tlic "0-1" 
loss aitcrioii. 

Tlicl followiiig tlicorciii is provcd in Criiiiioii, ct al. (Caiiiioii ct al., 2003). 

Theorem 3.1. The fmct'ion R : A x R('+' -+ R defined By (3) is PLD .witrze.s.sed by the ,tian13 cl, 
i l z  Defiiaition 3.1 below. 

Tlic niap (i, dcscrilml licrc is an cxtciisioii of Kcslcr's coiistructioii for tlic iiidticlms problciii 

-33 2 x fl lie tlic map p = p2p1 wlicrc 
is tlic iiiap to inul tismiqdcs 

(scc p. 266 in (Ducla, Hart. k Stork, 2000). pp. 87-03 in (Nilssoii. 1000). aid (Siiiith. 19G0)). 

Definition 3.1. Let 2 = (1 x 
p1 : Rf -+ 1 x R" is clcfiiicd by x ++ (1. r )  aiid 

aiid Ict ,o : 
: 1 x Iw" -+ -+ 2 x 

clcfillccl by 

< b-> { .... C ~ I ; .  ...}, 15 j 5 Ad, k : 1 5 k 5 M . k  # j 

wlicrc [;.I; E 2 is tlic vector obtaiiicd l y  concatciiatiiig M vectors as follows: Cs = (1, r) is placed 
iii tlic j-tli go,,ition. --e in tlic I;-tli posit,ioii, aiid zero vectors arc placccl in tlic 0 t h  M - 2 
positions illustrated below, 

( j / :  = (0 ... 0 s' o...o -c O...O). 
Iv" \& 

j t h  I ; f h  



Wit11 z i jk  = AijkCijk tlic map 4 : A +-+ 2 x ,V3 to imiltisaiiiplcs is given by 

@(A) = { ..., r i j k ,  ...I. Vijb sucli that A;jk > 0. 

3.2 The 2-Class Problem with Linear Classifiers 

Wlicii M = 2 it is siiiiplcr to use a linear classifier tlim a 2-cla,ss liiicw machine. In this section 
we prove the PLD property for tlic gciicral loss criterion ovcr liiicar classifiers. As a coiiscqiiciicc 
we obtain a map c', tliat is iiii~cli siiiiplcr tliaii Definition 3.1. In addition we show how, for 
this criterion. tlic Ratchet algoritliiii caii be derived its a nmlificittioii of tlic Pocket algorithm 
(Gallant, 1990). 

MrC, consiclcr tlic suix Icarniiig problciii tlcscribd in the previous swtioii except tliat wc rm trict 
to &I = 2 aiid wc rcplacc tlic class of liiicar iiiacliiiics with tlic class of liiicar classifiers fw : Et'' -+ 
(0.1 j clcfilicd by 

0, w + (l , .r)  5 0 
1, w . (ld) > 0 

jP&) = 

w1icrc w E R"+l. 

In addition to tlic special cams of tlic gciicralizcd loss cri tcrioii clcscriljccl in tlic previous section, 
a third caw arise3 licrc. Tlic ,we%ghted clu.s.sificutl:on e ~ w r  criterion is ol>taiiicd by setting 

l i ( j )  = y.jI(j fi y i )  

wlicrc aid jj.i E (0. l} is tlic corrwt class label for xi. This criterion is 
ciicoiiiitcrcd in inaiiy boos ti:iig algori thins. For cxmiipk cadi rouiid of tlic Adaljoost algori tliiii 
clctcrmiiics iicw values for yi. 1: = 1.2, .... n. aid tlicii seeks R base classifier that iiiiiiiiiiizcs the 
corresponding weighted classification error (Frciiiid & Sliapirc, 1007). 

Wc iiow describe liow tlic Ratchet algorithm caii be derived ais a iiioclification of tlic Pocket 
algori thin. Gallant iiitroducccl Pocket to iiiiniiiiizc the c~oss.i&ntio?z ewor critcrion for liiicar 
classifiers. Pocket operates by ruuiiiiig the rmido~~izcd pcrccptroii algorithm on tlic iiidtisaiiiplc 
2 = {.q, ..., z,,?,}. :i = ( 2 9 ;  - 1)(1, xi)* coiiqmtiiig the n i n  length, for cacli w visited (i.c. the iiiiiii- 
bcr of consecutive w-positive saiiiplcs ciicoiuiitcrccl before w is modificd by the algorithm). aiicl 
rctdiiiiig tlic w ( k )  with tlic largest ruii lciigtli in the "pocket". Gallant also introduces a. variation 
called Pocket-with-Ratchet tliat places a. iicw value of w in tlic pocket only wlicii it has both a 
larger run length mid wi tiicsscs a siiiallcr criterion value. Tlicsc Pocket dgoritliiia arc attractive 
bccaiisc tBc run lciigtli is very simple to compute. but tlicy iiiay iiot be appropriate for tlic gcncr- 
alizcd loss criterion. For cxamplc coiisidcr the obvious adaptation of tlic Pocket-with-Ratchet 
algooritliin that operates on tlic smiic iiiiiltisaiiiplc 2 aiid rcplaccs tlic value of w in tlic pocket 
wlicii thc riiii lciigtli is larger mid tlic critcrioii value B.k(w) is siiiallcr. M7ith l ; ( j )  = I ( j  # .y.i) this 

2 0 , i  = 1.2, .... 



criterion is miiiiiiiizcd wlicii the iiuiiilxr of positive saiiiplcs iii 2 is iiiaxiniizcd aiid so mhcs of w 
witli larger run lciigtlis zwc iiiorc likely to have smidlcr criterion values. but this is iiot iicccssitl.ily 
true for the gc~ici:dizcd loss. In frtct it swiiis milikely tliat aiiy statistic coiiiputccl 011 w-positive 
saiiiplcs oiily caii be used to order tlic cliwificr space for tlic gciicrcalizcd loss. More gciicrally the 
de tcriniiiatioii of a suita1)lc rcplitcciiiciit for tlic ruii lciigtli rule rciiiains aii open problciii. The 
Ratchet algoritliiii is obtained by rciiioviiig tlic riiii lciigtli rule froiii Pocket -with-Ratchet so 
that a value of w witli tlic siiidlcst critcrioii vdiic is saved in the pockct. Tliis requires tliat the 
criterion value bc c:omputed citcli time w is iiioclificd aiicl tliercforc! requires more coinpiitation 
tliaii the Pocket algorithms, but it yields a vialile algoritliiii. Iiiclcccl. Tlicoreiii 3.2 below veri- 
fies that, tlic gciicralizcd loss critcrioii for linear classifiers is PLD witiicsscd by a iiiitp tliitt gives 

Theorem 3.2. The fwtzctinla R, : A x R(i'"sl + R defined by (3) ,to%th M = 2 and fL, ik$iaetl by 
(4) i s  PLD rr$hze.s.sed by the 'tnnp ( j )  : A ++ Risl x JV rlefini?aed by (,b({(x~,ll) ,..., ( q 2 , l v 1 , ) } )  = 

.z.; = (ZJ(0) - i + ( l ) ) ( l . X . i ) .  

{Gll ....,.zll,}.y = (i. i(O) - di(l))(l..x;). 

Proof. For any A E A aid aiiy w E 
critcrioii achieves its infimum 011 A iioiitrivial set W(A) C R'"'. Dcfilic t i  = (1, x i )   id write 

tlic criterion value is a, fiiiitc suiii aiicl therefore tlic 

= C - 1 Ai I @(Ai f 0,  w 1 2 7  > 0 )  + I (Ai < 0, w * Z; = 0)). 

wlicrc C = Cy=l iiiax(l;(O), I ,  (1)). To complete tlic proof we verify coiirlitioiis 2.1.1-2.1.3 iii 
Lc~iiiiiti 2.1. Lct 2 = ( ~ 1 .  .... z q t } .  For tiny w € R'" let 

w * -"i = 0 for all z, E 2 

iiiiii,,EZ,L,.2,fo Iw e %,I, otlierwisc 
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This gives 

aiicl therefore coiiclitioii 2.1.1 Iiolds itlid ( 5 )  can be writ, tcii 

n 

RA(w) BzLl(d) = G -_ lAilI(A, # 0.d > 0)  = C - /Ail. 
t = l  i E  J + ( & )  

wliicli verifies coiiditioii 2.1.2. Tlic riglit limid sick of this cqxcssioii also establishes a iiioiiotonic 
rclatiou 1)ctwccii iicstcd sets J+ and tlic values of R A ~ .  This vcrificts coliclition 2.1.3 aid coiiiplctcs 
0111' proof. + 

4 The Neyman-Pearson Criterion 

The Ncyiiiaii--Pcmson problem is a 24ass  prolhii  wlicrc the goal is to iiiaxiinizc tlic corr 
classification for oiic class subject; to an upper l~ouiicl 011 tlic classificatioii error for the otlicr 
class. Caiiiioii et al. (Cannoii. Rowsc. Hush, k Scovcl. 2002b) describe a lcmiiing strategy 
for t lic: Ncyiiiaii--Pcarsoii p~oblciii tlint dckriniiics a classifier &om smnplc da ta by solving a 
coiistrttiiied optiiiiizat ion problem. We restrict to liiicw classifiers iiid rcforidatc this constrained 
optimiza tioii problciii as aii uiicoiistrdiicd optimization problciii. We tlicii provide a siiiiplc iiiap 
4 that witnesses tlic PLD property for tlic uiicoiistritiiicd optimization criterion. 

Dcfiiic A = UL!::.~(R'' x (0. 1) x ,4f)k to be tlic set of training sets wlicrc tlic multisaiiplc 
A = { (31. yl). ...$ (x?). gel)}  E A is a training set witli '!a samplcs, xi E E?' is the feature vector for 
tlic %-th sample aiid 9.j. E (0.1) is tlic corrcspoiidiiig class label. Let fw : Iw" + {0,1} bc t l i ~  
class of liiicm classifiers dcfiiicd by (4). 
classified by fa is dciiotcd 

aiid tlic fraction of samples from class 1 

Tlic fraction of smiiplcs from class 0 that arc correctly 

tliat arc incorrectly classified by fa is cleiiotccl 

wlicrc ~ c j  is tlic iimnlm of saiiiplcs witli g = J .  If no = 0 tlicii we clcfiiic pa($) = 1 itiid if nl = 0 
we dcfiiic P I  (fd) = 0. Tlic Ncymaii-Pcarsoii lcztl-ning strategy cliooscs a clwsificr tlitit solvcs the 
coiistraiiicd optimizatioii prol>lciii (Cannon et AI.. 20021,) 
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wlcrc IT 2 0, A solution to this proljlciii always exists bccausc tlic set of linear classifiers that 
satisfy tlic coiistraiiit is nontrivial for ally traiiiiiig set A E A. Tlitis we caii rcforlmlatc (6) RS tlic 
followiiig iiiicoi~s trained optimizatioii problcni 

lliill -ca(fJ -t-P(P1(SLL) - 0) 
LJE KC'+ 1 

w1icr.c tlic pciialty fuiictioii 13 is dcfiiicd by 

(7) 

Now rewrite tlic argiiiicnt of tlic pciialty fiiiictioii in tcmis correctly classified stuiiplcs, 

To coiiiplctc tlic proof we verify coiiclitioim 2.1.1-2.1.3 in Lciiiiiia 2.1. Let 2 = {q, ..., q,}. For 
aiiy CJ E let 

d = {  1. 
w * t'i = 0 for all zi E 2 

otherwise iniii2Lcz,Lb.z> #O Iw + zi 1, 

aid let 



This gives 

aiid thcrcforc roiiclitioii 2.1.1 1iolds mid (5) caii be writtcii 

Tlic first tcriii on the riglit side is iiioiiotoiiically clccrcasing in IJ$(&)l aiid tlic pciialty tcriii 
is iiioiiotoiiically ilccrcasiiig in I J ~  (&)I. Siiicc J+(; )  = Jot(&) u J:(&), tlic riglit side of this 
cxprmsioii cstablidics a moiiotoiiic relation bctwccii iiestccl sets J f  and tlic valucs of RA. This 
vcrifics coiiditioii 2.1.3 aiicl coiiiplctcs ow proof. + 
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